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Abstract 

A Yirus is a loe<tl configuration t!.at prrcvrcnts a grap!. (c!igrccpb) fron1 ]"l.~~<·~sing <t givr:n prop<:rty 
P. \Ve give an exa.ct and a gerwtic a.lgorithm for dc·ciding w!tl'tLt•r a givc'll ,-;t.ructnr(' is a \'Írus for tlw 
hamiltonian pruperty. Tbese algorithms e<m be u.sed for ickntih·iug falllilies ()f rHnl hallliltoHian digraphs. 

I<:ey words: digraph, c!igrapb propertics, virus, hamiltonic:itv. rlmJ-hcuuiltonicity, g<·netic algoritlnn, 
algorithms. 

duction 

It is well known that t!H• pru\Jlc,m to decide• wl1en a graph (di,l',r<qJll) is i1<\l11ilwnian is NP-complcte [4]. A 
method, bé\.-;(;d 011 <UI c:xact and a g¡:w:tic alg()rit.illll, is pn:.-;c:1tc<·d f<n idl:1Itih·ilif:', \¡;ulliitcliiÍ<UI vin1Sl:S. Tilcc 

methocl i.s supportcd hy ;¡ tiHcun~1n, charac\l-:rizing local struc:tur<·~ as lr;Uitiltuitian vin1.s [:1. :í]. 
As a c:onsequencc \'."le c:an dcriv<' a proccclurc for clt:ciding \\·lwtll<'r ;¡ giY<:11 digraplt i-; ltCIJI-il<\llliltcmian. 

This proc:eclure is of the s;mw complexity uf tl1e ¡n·olJlClll nf clc:cidiii¡.', if a giY<'11 digrap\1 i,-; IJ;uniltoiiian, hut 
the interest of the proc:cclure i.s t \¡e fac:t of using a local struc:tur<"-

A "ye.s" answer to tlw h<uniltonic:ity problcm in a givc11 digrapl1 (m grapl1) can he• Vl:rificcl hy checking in 

polynomial time that a seqcw11C:e of vertic:cs givcn by an oraclc i.s ;¡ kuniltnlli<UI c:yclc! (or cin:uit). In case of 

non~hamiltonian digrap!Ls, ;t.s sL\teci in [G] pagc:s 28, 2D, t.IH:rc i.s J.() kiHJ\\"11 \\·;¡y ()f y¡;rifying a "y¡".;" answlcr 

to the complementary prohlen1 of clcc:icling if a cligrapii is 11011-II;u11ilt<nlia11. '\ soluti011 tu tl1i.-; prolJlem i.s 

to provicle a hamiltoni;ul virus, in thc sr:us of [0, :1] (st:c: dcfi1<iti<Jll h<:lu\Y) \\·!Jnsc: ¡mcsencc in tlw cligrapl1 

can be also checkecl i11 polyumnial time, as it will lJl: nH:1JticJ11l~d at tlw c11ci uf tl1is sc~c:tinn. In case thc 
non~hamiltonian cligrapl1 dcw.-; nut c:ontain )¡;uniltouian Yiruses. ic nmst !1;\vt: a particular struc:tunc, as can 

be seen in Theoncrn 2. 
The vin1s notion l uts IH:en u sed iu ramkn 11 gc1wr<ltion of d i.".rapl1s wi t lllJ\1 t u:rtain ]JrtJ]Jf~rtivs [0, 8]. 

\\'ith respect to the J¡;uniltonic:ity prohlem, it can lw i1npurta11t cu dt:t.ccr llililliltuui<ul virw.;t:,s ]Jl\!Scnt in a 
digraph, particularly "small" virus classes for wliicl1 our HH::thod <l1ows a gu<Jd hc:!Javiuur. Additioually, tl1e 

identific:ation of harniltunian viru.ses in a digrapl1 can he useful in onlc:r tu tdiminaw tl1cm hy adcling tlw 

required (rninimal) m1mlwr of ares. 

1.1 Terminology 

Let P be a property clefinec! cm al! cligraphs and Id. N ht:: tl1t: .sl:t d' 11U1lllf:¡.',<ltiw: intt:gc:rs. 

Definition 1 í5} A cligrapl1 virus is a 5-u.p/e (1/,T-,T-,f-'-.f-¡ whcre 11 = (\"(1/),l~(H)) is o. rliyr-aph, 
(wdh a non r:mpty ·twrü:z; set). T-, T- are ¡mrts of thc: ucrte:r sct 11, u.nd f-. f- u.n: 'fiWJ!JJinr;s fnnn. T+, ~t'­
to N respcc:tivcly. 

•Researclt partially ,;upportPd rJ,V ¡)¡,~ l"rt'llclt I'C'I'-IllfU (CI·:I-'1-CU!\IC'IT ;c::d (;rtAI'IIVIHI'' ( 'IJCII pt·uj.,ct. "" IJ:l-1::!-:HL>G-:lí) 
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A digraph virus (H, r+' r-' ¡+' ¡-) is present in a digraph D if D has (L pTO]JCT ind·nccd s·u.bdigraph f¡ 
isomorphic to H (for convénience we ídentify fi with H ), such that thc eqv.aldies d"b(:r) = ¡+(a:)+ djJ(:1:) 
on each vertex a: ojT+ and d"D(a:) = ¡-(x) + d1f(x) on each vertcx ;1: o¡T-, hold. 

A digraph viTus V is a virus for a digraph property P ·if evcTy digmph. whcTc V is pTescnt, lacks pmpcrty 
P. The cardinality of V is defined as the oTder of H. 

In a similar way of (5, 3] we define a grapb virus (H, T,!) where ¡.¡ = (V ( 11 ), E(/1)) is a graph, T ~ V (H) 
and f is a rnapping frorn T to N. 

Lemma 1 {5} lf a digraph of order n has no vir·as of or·der h < n for· sorne pmper·ty P, then it has no vir·v.s 
of arder less than h for P. 

Equivalently, a virus for a property P is present in viruses of larger orcler for that property. 

Remark 1 lf a digraph contains virv.ses then sorne virus of onlcr· n - 1 m·1tst be pTescnt. 

Some properties are characterized by viruses; more prec:isely, a property P is chmacterized by a dass of 
viruses V if the followil1g assertions are equivalent: 

( i) G does not ha ve property P 

( ii) a virus V E V is prese11t in G 

In general, the class of all viruses for property P estahlishes only that (ú) => (i). h1 (3], it is rn·ove11 that 
the properties "G is connected" ami "G is strongly eonnected" are charaeterized by viruses. 

On the other hand, in (10] it is shown that the viruses for property "G is bipartite" do 110t charaeterize 
this property. In a similar way in (10] it is shown that the viruses for the property "G has a perfect matching" 
do not characterize this property; rnoreover, a charaeteristic property of the p;raphs without. perfect matching 
and no viruses for the property "G has a perfect matching" is al so givcn in [ 10] . 

In (5, 7] it is shown that tbe hamiltonian property is not characteri7,<~cl by its virus<~s, at least for digúlphs. 
De<:iding the existence of "small" hamiltonian vinJSf!S cm1 be useful, if tl11! fo!l-owing metaconjecture is 

true for the harniltonian property: 

For many irnportant properties t!Jere exist viruses of sumll urd<!r 111 alm.o8t all instauces in 
whic:h the property is 110t. present. 

This metac:onjec:ture is useful b<~cause the presence (or absenc:e) of a hamiltonain virus of order k inside 
a digraph of order n can be detected by a procedure in O(nk) time. lf k is a srnall m1mlwr (say, less than 
or equal to 3) then, an almost sv.rely eorrec:t answer to the question docs G ho:ue pmperty P '? can be given 
by a proc:edure with "small" time complexity. Tbere are two nxamples in favor nf this metac:onjecture. It 
is proved for non strongly connected graphs ÍJ¡ (2] ami grapl1s witlwut pmfect matc:hing in (~i] that "almost 
all" of them contain a virus of smallest order of t.IH! class: "alrnost" sl10uld be unclerstood here in its usual 
probabilistic sense meauing a proportion tfmding to 1 as the number of vertices tm1ds to infinity. 

Our paper is structured as follows: in sec:tion l we give <m introdnctiun t.o uur approach, basnd cm previous 
results. Sec:tion 2 contains the c:haracterization of hmniltonian viruscs. S<!C:tion :1 ami S~;ction 4 presents an 
exac:t and a genetic algorithm, for cleciding whether a given upl<! is a hmniltoJ1ian virus. Tlw paper conclucles 
with Sec:tion 5 where sorne open questions related to the notion of harniltonim1 virus<~s are posed. 

2 Viruses for "hamiltonian" property 

The following theorern is an extension of the one given in (3] ahout viruses with T+ = T-. 

Theorem 1 {5} ( H, T+, T-, j+, ¡-) is a v·i.n1.s for thc pmper-ty "D -i.s hamüton-i.an" if ami only if for eveTy 

set of disjoint paths P1, · · · , P,. cover·ing 11 ( H) ther·e c:ásts a path PJ = (:rj, . .. , :r.~U)), with q(j) 2 1 su eh 

that either ¡-(a:))= O or· ¡+(:J.:.~U)) =O. 
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Figure 1: A non-harniltonian cligraph ll' \\'itltour vi rus 

Tlms, for each :rE T- (resp. y-) only the fac:t whether f'(:r) (resp. f-(:r)) is stric:tly greater than O or 
not matters ancl we can simplify tlw JJOtation to V= (H,T',T-). ln thi.~ c:<\S(~, \' = (1-1, T+,T-) is present in 
actigrapb D ifand only iftl1ere i.s <1 copy Ff (\\-IJich wc also cb1CJU~ by H) i11 fJ witl1 T+ = {:r: rLt(:d = cf+ } 
and r- = {:r: df-¡(J') = d-(:r)}. Tl1is nwcms tl1<tt tl1c vertin·s i11 'F' _,,:llllnu edgr~ uutsidc \'(11) ami the 
vertices in y- receive no eclge from tlw uutsicle of 11 (11). 

- TJ¡e following theurem is alsu provecl in [;""•] 

'Theorem 2 (5} A digmph D has 7<D ·::-i'r:!C:f:.~ the hamiltonian tf and only if d ha.s thc following 
stntcture: for each ver·tex :r the remain-ing part D \ :r has a covcTing by I'CTÜ:r d-isjoint paths P1 ,. __ , P,. such 
that ea eh thern constitutes a circuit with :r. 

The digraph Y,V in figure shows that there exist non hmniltonial! cligraphs without any v1rus. In lV 
there are no hamiltonian viruses of order 6. Then by Rcmark l, 11' cloc~ nut havc; viruscs. 

Definition 2 Let H = (\'(HJ_ E(H)) Úr: a pmpET úuinced sul!ihyrupf, uf a r¡1ncu digruph !J. Wc define 
the S-uple Vn assoc:iatec! to 1-/w D asfollows: Vn = 1n¡ 111 = (li,·J 1-;.t1-;). whnr: 'f'jj ={rE V(H): 
JV+(:z:) n (\'(D) \ V(H) = 0} a1td TD = {J> E V(J-1): ;Y-(:r) n (\ (!JJ \\ (1!) = r~¡ 

Thus VD is a virus pre.sent in D. 

Let H = (V(H), E(H)) he a proper induced suhc!igrapll of a giwn cligrapl1 !J. \Vr: will :ohow that, in orcler 
to prove the existenc:e of hamiltonian viruses, where tlw first cmnp<HtCJtt i:; isoJnorpl1ic: to Ji, it is suffic:ient 
to c:onsicler the 3-uple Fn associated to H in D. 

¿From Lemrna 1, a given digraph D has a !Jamiltonian virus if tiJC :l-uplr: \'n associatccl to /-! = D ~ :;: 
in D is a hamiltoni(ln virus for sume vcrtex :r of D. Othcrwisrc tlw cligr:ipli fJ dor~s nut c:ontain hamiltonian 
viruscs. 

Reinar k 2 ¿From Theorem 1 cm rl Theorcrn. f! the sct of rlú;mphs mn lw ¡wrtirm.ccL útto thc following cL-isjoint 
classes: 

- ham-iltonian digraphs. 
- non-hamiltonian digraphs u·lthout lwmiltonüm vir·uses. They lwt:c thc st·ruct·un: yivcn iH Thcorem 5! 

-w-ith, of course, -r· 2: 2, for ea eh J>. 

- (non-hamiltonicm) cl-igmphs U'ith ham-iltonian vin1.seH. 

Theorem 3 Let D = (1r, E) be a digraph and lct !f = (V(H), ~~~(H)) be a inclvced :;ubdigmph of 
D. Assume that V = ( ll, T+, y-) is a ham-iltonian virvs in D. tlwn the S-uple = ( Tj;, Tj)) 
associated to H in D is a hamdtonian virus present in D. 

Proof : Let P1 , ... , Pr he a Sí:'t of di.sjoint paths covering \ '(H). Si11c:c \- is a kuniltonian 

there exists apath, .~aying Pj = (J';, ... ,:r~(j)), witll r¡(j) 2: 1 ~uc:li tl!itt. IIÍ[tl(~] f~(;r;) = () or r­
\Vithout loss of genr~rality, Iet. us assmrw f~(:r~(J)) =(J. llcJtCI:, IJy cldiJtitiuu uf '1'1-; \VC~ havr~ 
Therefore Vn is a hm11iltcmian virus. 

virus then 

j 

) =o 
E 

o 
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Remar k 3 Let D = (V, E) be a digraph arul let J-1 = (V ( H), Ji( l1)) be a proper úuiuccd .,·ubdigraph of D. lf 
the S-7tple VD = (H, Ti.;, Ti)) associated to H in D is a harnJitonian 'l!'irus thcn.· 

1. Any S-uple V= (H, T+, T-) present .in D wdh T¡; s:; T-, Ti; e::; T+ is a hu:núltonian virv.s. 

2. There may exist S-·nples (H, T+, T'-) with y+ e rJ 07' T- e D pn:sent in D that are lwmiltonian 
virus es. For example: let D be the rhgmph constítuted by the syrmrwtrú: circv:d = (/H:rlch) wíth the 
symmetric edge ab. The 3-v.ples VD associated to C4 and (C1 ,T+,T-) with T+ = {c:,c}, T- =Ti) are 
hamiltonian vir'ltses. 

Rem.ark 4 Let D =(V, E) be a digraph anrllet H = (V(H), E(!J)) be a propcr incluccd su.bdigm.ph of D. Jf 
(H, T+, r-) is a hamiltonian virus present in D theu: 

(H\S,T+, r-) where S= {:rE 1/(H)\(T+uT-): :ry ~ ¡p: ~E V y E V(T+uT-)} is a hamiltonian 
virus present in D. 

Proof : Directly from Theorem l. 
D 

3 An exact decision algoritlnn 

Let H = (V ( H), E( J-1)) he a digraph. ln this scction an algoritlnn is ¡m~sc;utcd for c!cciding whet.hc:r a 
given 3-uple (H, T+, T-) associatcd to JI is a lmmiltonian virus. Tl1c algurit!Jm is hascxl on Tlwon~m 1 for 
c:haracterizing hamiltonian viruses. Tl1e nwin idea is to deü~nnine a sct of patl1s witl1 initial ancl t<~nninal 

vertex in the complement of T- aml T+ w.r.t V(JJ) respectivdy, •NilidJ cuvers \'(//). lf there is no such 
covering, then the 3-uple is not a hamiltonian virus. 

3.1 The p:roblem 

¿From Theorern 1 and Theorem 3, the ~1-uple (JI, T+, '/'-) associatc~cl to 11 is 110t a 1m mil tonian virus if 
and only if there exists a set of disjoint paths f'1 , . .• , J~~. covering \ · ( 11) sucl1 that for cvery path P¡ = 

(:r}, ... ,xj(j)), 1 S j Sr, the following conclition holds: 

( 1 ) 

A covering has to be founcl verifying (1), incas<~ of IJOt findiug tlw :1-upl(~ Gtlldidat(~ tl1at is dfectivdy a 
harniltonian virus. 

3.2 The algorithm 

In order to find the path covering V(H) satisfying (1), the algoritlm1 pc:rfonns tite following two :-;teps: 

l. Building the set P of al! paths satisfying ( l) 

2. Looking for a covering of V ( 1-J) using the patl1s found in the previous st<~p. 

3.2.1 Building the set of paths 

The recursive func:tion FIND_PATHS (ét-path: path) lmilds all tl1c patl1s lwginning by thc initial patl1 
a_path. For each vertex v of T- a call to FIND_PATHS((v)) is nmcle. 

p := 0: 
FIND_pATHS (e: path) 

{ 
if (last_vertex(c) E T+) 
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for each successor s of l<t.~Lvcrtex(c) 
if (s tf_ e) FIND_pATHS( e+ (.~)); 

+ denotes the path c:oncatcnation operation. 

3.2.2 Looking for thc covcring 

The searc:h of a covering is a Branc:lt cmcl Bmmd implclllentecl by the n:c:nrsiY1: hu1ction COVER. Tlic two 
parameters of COVER (con:recl: twrte:rJist. disjuillL]Jat!Js: ¡mthJist) lllCl!lurizc t!JI' state of tlw searcl1 of 
the covering in the tree of al! tl1e possibilitie~. 
The parameter covered is tlw list of tlw w:rtic:es alreacly covcrccl i11 tlil: actual statc ami tlit: parall!cter 
disjoint_paths is t!w list uf patl1.~ whicl1 ctrE" disjoint hum coverell, a11d als1, w!Jicl1 c;u¡ he: us\'d tu continue 
the search for a covering. 
The list allows to pnme the !HllJJber of branc!H:s by rcd\H:in¡.; tlw Jlmnhcr uf patlts availahle 
to go further. Moreover, a honncl can he dE"termin<éd if this list does 11ot c:ontain "\clltl1lgh" Vlcrtices. Tl1e 
hranches and bounds are defined as follows: 
BRANCHES: 

" USE the first patl1 of disjoinLpaths 

'T USE tl1c tirst patli uf disjoiut <tll d forgr;t i t 

BOUNDS: 

"' SUCCESS if covered c:on:rs all tlw vc•rtic:cs of 1·(1/) 

FAlLURE if the sct of all vc,rtic:es of all the patlis of d.isj 
neecled to complete the cnveri11g. 

d1w.~ 11ot COlJtaill all tiH: verticPs 

To start the searc:h, the inicial c:all lS e 
used. 

, P): no vc:rtc~x is c:uvr:n:d ;mcl all tl1c p;¡tli.~ c:ould 1Jc 

vn::us := true; 
COVER ( c:m·ered: verü:c/i.,t, disjoin t _patlL~: ¡mtldist) 

{ 
if 1 covered 1 = 1 1 · ( fl ) 1 

virus := falsc:: 
I:Xit: 

if 1 coverecl U ( u 1'(.r)) 1=11'(//) 1 
xEdisj oint _pn 1 hs 

:r 1 := firsLpath ( clisjoinLpaths); 
COVER(covered UV(:r¡), {:rE disjoinLpaths / :r n :r 1 = 0}): 
COVER(cuvered, disjoinLpaths -{1: 1 }); 

The virus variable contains the result. lf virus = tnw tl1P t.E:.~tc:d contigur<ltion is a virus. 

3.2.3 Complexity 

The first step of tlw <-tlguritllln (building tiH: list of al! tlw paths) tak1:s tl11: gr1::tt<:st tÍJIIC and JJtc!IIOry span~. 
The number of paths c:ould he lmge: in t!Jc worst case, a completcc cligrapl1 11 uf urcl<:r N witl1 T- = T+ = f/J 

has N = ¿;~1 1! paths (al! the arrangements of any sizr: of n elements) .TI1en tltis mJmhcr could hn rcclnccd to 
2n (the number of parts of a set of 11 elements) hccause tite orcler uf the vcrtiu:s i11 tl1r: patl1 is not important 
in the search for the covering. The path is stored if tlw set of its vc:rtiu~s is uut alrc:acly pn~sent. This check 
take 2N2 steps. The sec:onci part (Jooking for the con:ring) in tite~ worst c:asc COIISists in building al! the 
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coverings of a set of n elernents that is: ¿;~ 1 B,.,n = B11 wlwn~ 13,, 11 is tl1<~ 111lllliH~r of ways of splitting a set 
of n elements into r parts. Wc know that 

l 
13 11 rv 0 exp(n(1:1-] + .;- 1 

)) 

l:y/:1 

(11] where !3 is clefincd by j3c 11 = n.This umxinmm hound is lmgc, lmt in practice, a rapid aw;wcr is possihlc 
wíth a confignratioll up to 15 vertices. 

4 A genetic algorithn1 

We also propose a gewctic algorith1n for deciding wlwther a givcn :3-uplc (11, T+, T-) associatcd to lJ is a 
harniltonian virus. 

The idea is to foc:us this prohlem as au adaptatioll of tl1f~ Travcling Saksman Prohlc111 (TSP). Tlllc vertices 
are seen as towns, ancl a spec:ial distanc:e hetwecn two toww; is dl~h11cd. 

4,1 How to focus the problem of a harniltonian circuit as a TSP 

It is easy to aclapt tlw TSP to find a lmmiltonia11 c:in:uit ill a cligrapl1 //: /\ cin:uit C is rcpn~st~11tcd by a 
c:hromosome of 11 = J11(H) J geues. Eacl1 gmw represeuts a vertl~X. Tlw cl1rmnosmnl~ n~pn~sPnts tlw SloCJ1WllCC 

of vertices visiteo. It is a path representation. For exampk tlw cllrOJnoso111c C = (:'l 5 2 l 4) naturally 
represents the cireuit 3-5-2-1-4-3. 

Tlle fitness function F(C) is the lengtl1 of the tom 

H-1 

F(C') Lrfi ... daur·c(X¡,X,, 1) ,wit/1.\ 11 

i~ o 

The clistallce is defiucd c\S folluw: 

l . (" )') = { Oíf(X,Y). isrmrcrcof 11 r ?.8tru¡r:e _.,, · 1 ] of UTVJ181: 

The genctic algoritlnn is usud to xniuiulize tl1e fitllc,c;s. 

4.2 Hamiltonian circuit and hamiltonian virus 

The following lemma <:st.ablislws a ndatiollsl1ip hetw1~(m tl1e prohlcllls uf d(~cidi11g if :t digrapl1 i.c; h:uniltoniall 
and the one of clecicling if a give11 :3-upli~ is a IJilllliltonian virus. 

Lernrna 2 Let ( 11, ']'+' r-) be (L given ,'i- u.ple imd let /-1 1 = ( \ ' 1 ' 1~' 1 ) /Jc (l dú;m¡J/¡, with \ ' 1 = \ . ( 11) (L'fl.d 
E 1 = E( 1-I) U (T+. X T-). Then ( 1/, T+, 7'-) i.s not a hamiltonúm U!.ru..1 i,f uo11d o u.! y 1f /! 1 has a llll.m.i/to¡tfan 

circuit which contains at least an are (X, Y) E (J'+ x T-). 

Proof : Let C be a J¡mniltonian cin:uit of ll 1 . Lct (X.'¡_, X~) E C, 1 :Si :S f, tiH~ ares L;dongillg to 

(T+ x T-). ¿Frorn this c:ircuit we can con::>truc:t the following coveri11g of 1 ' ( /-1): 
(X _1_' ... 'x¡)' ... (X~' ... ' X ~-t- 1) ' ... (X~' ... 'X~) . ;\ ¡¡ tll(~ p;¡tlls .'itart f¡ ( Jlll a VITtPX of T- ancl ene! with 

a vertex of T+ i .e satisfy conclition ( l )(see 3.1) 
Reciprocally, lct C 1 , ... , C¡, ... C1 h<c a c:overi ng of V (11) .c;ati.c;fyi ng (1111(\i ti 1 n1 ( 1 ) . 

HC; = (X¡, ... ,xn, 1::; i::; t,thHn 

X - C'¡ v+x- ('., ,r+ v-r v- e, v+ · .. ¡. ·¡ ·. 1 

1 -1 -"- 1 2 --1 --' 2 ..... --"- 1_ 1-"- 1 -1 "'! L'i ,t 1<\1111 tm11<U1 circ:uit (Jf \ '(11 ) IH~ccuJ.~(~ for all l < i < 1 we 

have (Xt,X;-¡ 1 ) E (1'' x T-) wit\1 X 1: 1 = Xj. O 
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Based on this lemma, we clesign a nc,,- fitness func:tion F(C) ami a new disLuin' 111 onlcr to cktcrmine 
whether a stn1cture i;; a viru,s: 

n-1 

F(C) = L distanr:r(X;, X;_ 1 ) + ¡JcJw[ity 
ice() 

v,;ith Xn = )Co anc! penality =/:o if e does llOt C:Ollti\Íll ¿lr(:S Íll (T,_ X T-). 
The new distance func:tion is ddiJH:cl to acld tiH' vinu:tl (()]j]l(;c:tiull.'i cr- X ·r-) 

distrmcc( X, ) ·) { 
lJ i f (-r·J.¡·' ,Y} .. · {.'). ' (L/ /. ( LJ T () f))._ 
u t./ _\ E 1 ~ IUI.d ) E 1 -
1 uthr"f'W'ise 

\Ve are looking for a null tour. TL:tllks to tl1c IH·:nality 1vc an: snn: tl1at ~ucl1 a tour contains at 
least a sequenc:e X;X;+ 1 witl1 X 1 E T- awl X;_ 1 E T-. 
For example if the c:J¡rOJnosornc e = (Xo _y 1 ... x!l) kts i\ fitlll:S.'i v:tlm: llUII, tllt:ll it i\S i\ strll(:turc sm:J¡ as: 
e~: )(o }{"1 ~~~ );~ !..:+ -~:3 (~( _\.j ~·)(;o)(~' );ll ~ -.\7 ~(' )(~ .\q, 

\Vhere ':!'_{denotes tlH: pr'-"Scncr: of au are. ami ~ dcllutcs a coupl~: i11 ('J'-'- x T-) 
this c:hrOHlOSOllW e rPpn'.'iCnts thc con:ring CJf \'(lJ) witil tlic two p:\t.\is: 

X7---+ XR---+ X~---+ Xn---+ Xt ---+X~ and .\:':¡---+X.¡ ---+X,,---+ X 1;. 

4.3 Characte:ristics of the genetic algorithm 

@ \Ve ha ve optecl for a steady state alguri thm ( i .e ch<lt uses overlapping popuLttiuns, un!~· a pan 1 ',·q!locc'" ,. 111 

of the popnlation is replacecl at cae]¡ generation) 

<li The genetic coding usl:.~ a path n:pre.sCJltation. 

'" \Ve use the eclge recomhination c:ros.sover [1 J] "-hicll pn:.s<:rv<: tlw pat.l1 .structun·. 

a Tbe eclge rec:ombination c:rossover is li!Oclifir:d tu takr• inru ac:c:uullt tlll' ori<'llt:tti<,lt uf tl1<~ ares. 

® The initial po¡mlatiun i:' furntcd r;wclun1h· lnn l:ilcll clmnliiNilll<~ is lmilt t.11 hav•· as 1111H:Ii :\s possihle 
a goocl fitness value. Tl11: tirst ''t.own" is clluus<:cl rall(lundy <Ulltlll¡.', :ti! t]¡¡• "t11W11s", tlw l~t:Xt eme is 

c:hoosed randomly ;uncn1g tlic "t.owns" COlllWct<cd tu t.l11: pn:v.iuus "toW11", if j)(I.SsilJ!t:. Tl1i.s improvmnent 

allows to huilcl an initial po¡mlation witl1 a lwst vahw. 

4.4 Experimental results 

\Ve ran the algorithm on diffé:rent exmnplicS of ]¡;uni!tc!lli<ul digr:tpl1s, finding :tlntust. ah\-ays t.IH: c:in:uit after 

less than 200 generations. So, 1Ü~en tlw algoritl1111 clrws 110t find a c:in:uit after 2llU gcllt:ratiuus it could rneans 

that the digraph cloe.s not cont;tin mw. Tlw pn¡ mlatio11 sizt-: seerns to be a11 in1 pon <\lit p:tr:nnctcr vd1id1 J¡;tcl 
to be augmented with tl1t: cligrap!t .si/<:. Figure :2 shows the hl:itavirmr llf tiH~ ;tlgoritlllll wllcll uscd to find a 

hamiltonia;¡ c:irc:nit for a digraph witl1 IUU v<:rtiu:s etllcl 250 ares. \\'(' :ti.'i<J ust:d, S<:<' fig1trc ;), tlw ;\lgoritln!l to 
decide if a given 3~uplc, of mcl1:r IUO IYith 25U mes ;mcl witl1 1 T- 1 = 1 '!'- 1 = CJ(L i.-; lHit ;¡ Yims, !Jy íimling 

a c:overing. The figures show tlw evolution of thr' fitJws:-; valu1: uf tlw h<:st illdividu:\1 :md tlw <lV<'ragl: fitn<;ss 

value of the total popnlatiun. TlH: l~volutiun stupc; wl1<:n t.l1c hcst individual lwu>llll~s /cru. Jnc:tni.JI.l', t.llé\t a 

circuit (in the first exmnple) or a c·ovt:rillg (in tlw :-;cuila! ex;unple) has ln:t:11 fouml TIH~ lri(JSt 

paramcters a.re thf-: Si\JJW in botlJ c:;tses, lJil.l!H:iy popularion siz<: = 20U, 1'11 ,utntion = 0.05, and f',.,.,J/r·c,·mcui = 
0.5. 
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5 Remarks and open probleins 

80 

80 

A digraph D is hypohamiltonian if it has no hamiltonian circuit but cvery vertc!x-dc~letecl suhdigraph D- v 
has snch a circuit. Hypoharniltonian graphs are defined analogously. 

The following conjecture should be true for digraphs: 

Conjecture 1 Ever-y non-hamiltonian dígmph without harr!"iltonúm. v·ir-uscs is hypohwniltrm.úm. 

However, as we shall see leter, t. he following c:onjec:ture is falsc!. 

Conjecture 2 Ever-y hypohamiltonian digmph has no hamiltonian vú··u.scs. 

Notice that the digraph in Figure 1 is hypohamiltonian ancl without hamiltonian viruses. In [l2] Thomassen 
gives a method for obtaining hypohamiltonian digraphs by fonningthe cartesian procluct of cycles. Vv'e give 
here a short summary of his results, in orcler to give sorne rernarks on Conjectnre 1 and Ccmjecture 2. 

Recall that if D 1 ancl D 2 are digraphs, then the cartesian product D 1 x D2 is the digraphs with 
vertex set V(Dl) x V(D2 ) such that the eclge from (v1 , v2 ) to (11. 1, u") is present if ancl only if v1 = u 1 and 
v2u2 E E(D2), or v2 = 112 ancl 1!¡71¡ E E(Dl). The directecl cyclP of lcngtl1 k, 2 :::; k:, is denotecl Ck. \iVith 
this notation Thornassen gives the following theorerns: 

Theorem 4 {12} For ea eh k 2: :1, '/ll. 2: 1' e k X CIIIÁ'-1 'is a hmmha·m-i!tofi.ÍU:/1. O'l"icntcd digruph (i. c. no cycle 
of length 2). M (Jr'eover-, C:l x CG/H'i 'is hypoham:iltonúm. f(!'l' ca eh k 2: (). 

Theoren1 5 (12} Ther-e is no hypohamiltmúan digmph wdh fcuwr tha11 só: vr:l'ficr:s, and for cach. odd m. 2: 3, 
c2 X Cm is (1 hypohamiltonian d-igmph. 
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Conjecture 2 is nor true for graplts as ir can IH: dcduu:cl fru1n rlt<' fuii<JWÍng tltcun:nts: 

Theorcrn 6 (3} (1-I, T. f) ¡.,a vú·u.s for· thr: propnty "Ci ls hamiltonúm" if and ouly iffor cvcry sct of 
paths P¡, · · · , P,. coveTin.g V ( I-1) there exists a pu.th l'j su eh thut.· if consists of ju.st rm.c vel'tc:z; { ;;:~} thcn 

f(:r})::::; 1 and ifV(Pj) = {:z:J,· ··,.r¡uJ} then f(;;:)) =O or f(.rj 1J 1) =O. 

This theorern charactcrize.~ tlw hamiltunian virus<:.~ fur ¡c;r<tphs ancl it is uscd in [:í] to show t.hat: 

Theoren1 7 A wm-hamiltrmúm gmph with mlnúnurn. 
joT th.e lwmiltonian pmperty. 

lcss tlwr1 m cr¡u.ul to ,'i contains alway:; a vzr·us 

, Theorem 8 is usecl i11 l to sltm1· t.ltat tltv l'<JIJ.icc:tun• :2 is blsc fur pL\llar ¡c;raphs: 

Theoren1 8 [12} Evcr .11 j!lrma¡· ll1jj)()ha·lltillrm.irm .. <JI'Uph UJ!Itláus o. ur:rte:r of rler;n·e .I 

l Euery ¡Ji un w· hy¡)()/t mndtml'iun ymph cmt.tlúus a ná 118 fm· !:!te /1 ILm.iltrm./an f!H!fifcdy. 

Rern_ark 5 7?rc hypoluuniltonÚLII diyraph.s· C:3 x wdh /<.· > U (T!tcorcnr 4) U'flri i:hc hypohu:tn.i!trm.úm. 
gwen in Thcorem 5 2 llowcver thc clir¡raph x C 11 1.c. k= 4 wulm = :3 in 

Theor·em 4 no 

, ~we suspec:t t La t. tlw following cut 

3 uon-hu:mdtrmúm vcl'te:r-tnJ.'!Isitillc dú¡ro.p!t 'l!'itlwi!t 1/(/.ffliltoniu:n ·oiruscs is /u¡pohu:milto-

nwn. 

'Nc haYe provccl r.lu\t tlt<: cmi~· nrnt-kulliltonialt v~:n.<:x-tr;u¡sitiY<' dil-',r<tpll witlt"ut il<llJliit.<,llÍ<lll virw;¡•s ;1nd 
of orcler 6. is the l!ypoll<\lJJÍltoni;ut dign1plt x \\'lticlt i.~ in bv(Jnr 11f C(JJJj<:Um<: :1~ 

Otl1er intere.stillg pruhlems cunccrning l1 ;un iJ tonian virus t.l1 <:r JI\' <tn:: 

1. Evaluatc the c:ompJ¡•xity ofthc prohl<:Jll: d::c:idc Kilctl](•r a :5-upl<: (/!, '/'~, T-) is a vin¡s for ltamiltoJJian 
property. 

2. The detection of ]¡;uniltonian viruses in a cligr<tpl1 ;u te! tiJcil d<:scrm:ticnt J¡y JJtinin!id cil<Ul¡.',i:s (adclit.ion or 
removal of ares, for r:x;unplr•) conlcllc;tcl toa lft<Jdr:r;\te changr: w tlir: 1-',r<tpli tltat givr:.s it tlw IJ<tmiltonian 
pro¡wrty. 

3. Evaluate how c:losr· is tlw lt;nniltoniaJJ propr:rty ;u¡cJ tltr: pr()¡wn~· /) l1<tS lJIJ lt<ullilt<llJÍ<UJ virus of orcli:r 
< n. This cvaluatÍOJJ is \l.~I:ful tu dcsign <tppruxinmtr: alguritltlil.~ hll lt<llltÍIWJtic:iry pn1pcrtx, witl1 tltr;ir 
a.sym ptutical en m proh<tl Ji!i ty. 

4. Tl!e .stucly of snfficicnt conditiuns for (detect.ing) the pn:sr;JJct: of lt<llliiltrJJtian vJnJsc.s n1 a cligrapli, 1s 
an import.ant open prohlr;m. For in.stance, TIH:on"m 7 statHl ahovr:. 

5. 1\ew suffic:ient c:onditions may arise from vinl.~ tltl!ory in onlr:r to .:n.surr: tiir: ]¡;uniltonicity of a digrapli 
family. 
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